We extend the well-known Borromean and Brunnian rings to new higher order versions. Then we suggest an extension of the connection between Efimov states in cold gases and Borromean and Brunnian rings to these new higher order links. This gives rise to a whole new hierarchy of possible states with Efimov states at the bottom.
Introduction
In recent years, some strange and counter-intuitive states of matter have been observed in cold gases and nuclear systems (Garrido, Fedorov and Jensen 2004; Kraemer et al. 2006; Curtis et al. 2008; Fedorov, Jensen and Thøgesen 2008; D'Inaco and Esry 2009; D'Inaco, von Stecher and Greene 2009; Ferlaino et al. 2009; Knoop et al. 2009; Pollack, Dries and Hulet 2009; von Stecher, D'Inaco and Greene 2009; von Stecher 2010 von Stecher , 2011 Yamashita, Fedorov and Jensen 2010) . These states are now commonly called Borromean states or Efimov states. They were predicted by Efimov (1970) , and are stably bound states of three particles but no two of the three are bound together. Such three particle systems are called Efimov trimers. There is also strong evidence for more general weakly bound cluster states with similar properties. Borromean rings in topology represent an analogy for this. They are three rings in threedimensional (3D) space linked together in such a way that no two of the three are linked. By analogy we may think of the topological rings as models of the particles and topological linking as modelling the interactions. In other words, topological linking corresponds to bound states and unlinking to unbound states. Aspects of the basic analogy between topological entanglement and quantum entanglement have been studied in Kauffman and Lomonaco (2002) .
The main purpose of this study is to show how some new higher order topological linking structures suggest a whole hierarchy of new states of matter where Efimov states are examples of the lowest level.
Topological links
A topological link is an embedding of circles in 3D space which may be linked together. A knot is a link with just one component.
Examples
Trefoil knot: see Figure 2 . The notion of Borromean rings has been extended to Brunnian rings as follows.
Definition 2.1. n rings in 3D space form a Brunnian ring of length n if and only if they are linked in such a way that if any component is removed the ðn 2 1Þ remaining components are unlinked, or in other words, every sublink is trivial.
Hence, Borromean rings are Brunnian of length 3. We shall refer to them all as B structures, see the figure in Example 2 in Section 5.
The classical Borromean rings have three components. We may also introduce Borromean rings of length n in the following definition.
Definition 2.2. n rings in 3D space form a Borromean ring of length n if and only if any two components are unlinked.
This generalizes to:
Definition 2.3. n rings in 3D space form a Bkkl link if and only if any subset of k or fewer rings are unlinked (1 # k # n).
Hence
Bkn 2 1l links ¼ Brunnian links of length n Bk2l links ¼ Borromean links of length n Bk1l links ¼ n unlinked rings:
This may be useful in terms of thinking of possible new molecules and physical states, and extends to higher order as well.
For example, see Figures B17 -B20 in Appendix B. See also Liang and Mislow (1994) . 
Extended Efimov states
In both theory and experiments, extensions of Efimov states to n particle systems, primarily n¼ 4 and 5 have been considered, see ), Pollack et al. (2009 ), von Stecher (2010 ), von Stecher (2011 ) and Yamashita et al. (2010 . This corresponds metaphorically to B structures (Brunnian) of length n. These n cluster states are also sometimes called higher order Efimov states. We will prefer to call them just Efimov states of length n, or Brunnian states of length n. We will just consider the binding properties of the states and ignore the scaling properties in this study.
In the following, we will introduce topological higher order versions of Brunnian and Borromean rings. Since such non-trivial higher order linkings exist in the topological universe, we think that it is natural to compare this linking with physical states. For example, a Brunnian ring of a Brunnian ring of length 3 would be a linking of totally nine rings (see Figure 7(b) ). This raises the interesting physical question: does there exist an extended -second order -Efimov state consisting of nine particles bound 3 by 3 and 3 clusters (see Figure 19 (b))? This is one of the questions that we will discuss in the following sections.
Higher order structures
Often in science one has to consider structures of structures: sets of sets, vector spaces of vector spaces, forms of forms, links of links, etc.
In Baas (2006 Baas ( , 2009 , we introduced a general framework for dealing with higher order structures, namely what we call hyperstructures.
In this study, we will present some geometrical and topological hyperstructures, namely what we get when we consider links of links of links . . .
New higher order topological structures
All links considered are in 3D space.
Before giving the general construction let us give some examples to indicate the idea. Clearly they are topologically 'ring-like' in the sense that they have been formed by chains being made into loops.
But then from these B rings we may form B rings of B rings, which we shall call 2B rings. This process clearly iterates to nB rings, and they are truly nth order B rings.
Just from rings and B rings there are many interesting combinations of second order structures to be formed:
rings ! 2 rings (see Figure 4 ) B rings ! 2B rings (see Figure 7 ) B rings ! B rings of 2 rings (see Figure 8 ) B rings ! rings of B rings (see Figure 9 ). The geometric and topological properties of these new links are measured by their complements in 3D space:
The topology of this is surprisingly complicated even for n ¼ 2 as pointed out in Baas (2009) . One needs a form of higher order cohomology operations (Massey products) in order to study them for n ¼ 2. For n . 2 and other links they have not been studied at all. Higher order Massey products will be needed here. Higher order links in this new sense have not even been defined nor studied systematically in the literature prior to Baas (2009) , see also Dugowson (2008) . Let us now explain the general link construction that follows from the hyperstructure idea.
The general idea
Let L 1 be a family of links in R 3 , e.g. rings or Brunnian rings or both. Pick a finite number of links from L 1 and link or arrange them together in a chain (Figure 10) . Then form loops (possibly knotted) of such chains in such a way that they become interlocked (Figures 14 -18 ). New links are then formed of these loops (knots) or rings using the same deformation principle. We will call these second order links based on L 1 and denote them by
Links are formed from the given family L 1 . Of course we could have chosen one family or alphabet of links at each level, but it is notationally simpler if we keep them all in one family.
Next we apply the same procedure to the family of links L 1 Ð L 2 , for short L 2 , but the notation indicates the dependence on L 1 , form chains, loops (knots), and new links. We denote the new family coming from the constructions
This process is then iterated to form
abbreviated L n when no confusion is likely to arise.
Definition 6.3. An nth order link is an element of some family L n .
Clearly our previous examples of n rings and nB rings are nth order links. The following definition makes a distinction between them. Definition 6.4. The elements of a family of nth order links
are called ðn; iÞB links, if: removing an L i link from an L n link gives just a collection of unlinked L i links.
Clearly nB rings as we have defined them would be ðn; n 2 1ÞB links, but n rings would not be. Rings (closed loops) in R 3 will be 1 links. Let us conclude with some examples. If 
1 ; n 2 Þ will represent Brunnian rings of length n 2 of Brunnian rings of length n 1 , we call these type 2Bðn 1 ; n 2 Þ links and we proceed to form kBðn 1 ; . . . ; n k Þ links.
For illustrations of all these types of links see Appendix B.
We have chosen here to illustrate the idea of forming higher order links by using Brunnian rings of various lengths. However, one may also form higher order Borromean rings by, for example, taking Brunnian chains and lock them with rings at both ends (see Figure B18 ). Such Borromean chains may then be linked to form new rings out of which one may form second order Borromean rings and then continue the process to any order and with possibly varying lengths at each level. We will not pursue this here. One main point is just to illustrate the idea of forming higher order links by using higher order Brunnian links as examples.
Finally, there is an enormous variety of possibilities of forming new higher order links using the linking and bending (folding) principle that we have introduced. Our main purpose has just been to introduce and illustrate the general principle, and illustrate a few cases.
For example, the bending procedure in Figure 12 (and Appendix B.7) may be iterated one more time (or several), then forming new types of chain and rings for further iteration, see Appendix B.
The general construction here of forming higher order links is a special case of the process of forming hyperstructures which encompasses the formation of, for example, cobordisms of cobordisms . . . -and higher categories, see Baas (2006 Baas ( , 2009 .
In the language of knot theory, the process may be described by higher order cables and satellites, embedding the rings in successive tori. This will be discussed in a separate paper since the main purpose of this study is to suggest new physical states.
New states of matter
As pointed out in the introduction a remarkable analogy and correspondence between Borromean rings and Efimov states has recently been discovered. Furthermore, this extends to Brunnian rings of lengths 4 and 5, possibly more, and extended Efimov states of the same length. This motivates the following definition.
Definition 7.1. A Brunnian state of length n is represented by a system of n particles bound together, but no subsystem is bound. Notice: No requirements on scaling properties.
One main goal with this study is to point out that there is a whole new and unstudied world of higher order links of the form
described in the previous section and whose topology is extremely sophisticated. The new idea is then to suggest and predict that there are families of states of matter (e.g. in cold gases) P 1 ; P 2 ; . . . ; P n corresponding to these higher order links, and organized into the same pattern or hyperstructure. In other words:
as in Figure 19 : trimers and trimers of trimers. Based on the general hyperstructure idea in Baas (2006) one may go even further and extend and predict their existence. For further background, see Baas (2006 Baas ( , 2009 . This means that, for example, in cold gases one may look for -by suitable tuning -new types of states such as: trimers of trimers or even higher order cluster states as described here. Furthermore, trimers of tetramers and other combinations may be considered as well. We know that in cold gases 1Bð3Þ, 1Bð4Þ; and 1Bð5Þ states have been found. What about the existence of 2Bð3; 3Þ, 2Bð2; 3Þ, 2Bð3; 2Þ, 2Bð4; 3Þ, 3Bð3; 3; 3Þ, etc. states? See Appendix B for the corresponding geometries.
Do there exist weakly bound clusters of particles realizing higher order Brunnian states? See for a discussion of this question.
Let us conclude with our main prediction.
Main prediction: To higher order links, in the sense that we have defined them, there exist corresponding higher order states of matter in physical systems such as cold gases, nuclei, and other types of many-body systems in general.
Such states of matter may be observed in finely tuned cold gases or other systems such as Bose-Einstein condensates. It would also be interesting to see such states coming directly from a Schrödinger equation with Hamiltonian
meaning that the potential is determined by the geometric hyperstructure of links and particles as described here. One would then have to take into account levels of cluster interactions. It would be very interesting if one could find a connection between the topology of these higher order links and the quantum entanglement, see Kauffman and Lomonaco (2002) . For a discussion of more general many-body system interactions, see Appendix A or Baas (2010) and a more extensive discussion in Baas (2013) .
Let us conclude by mentioning that it is a natural and interesting question whether the higher order links we have introduced may be synthesized as molecules. Trefoil knots and Borromean rings have been synthesized (Mao, Sun and Seeman 1997; Dietrich-Buchecker, Colasson and Sauvage 2005; Seeman 2009; Stoddart 2009 ) by very sophisticated techniques. Synthesizing higher order links is a daunting task, but, for example, Borromean rings of Borromean rings and other members of the families we have defined such as kBðn 1 ; . . . ; n k Þ and kHðn 1 ; . . . ; n k Þ in Section 6 may be possible to synthesize by using DNA molecules and the techniques developed by Seeman. This is discussed in a separate paper, Baas and Seeman (2012) .
The material in this paper has been commented in New Scientist 1 and Technology Review, MIT. 2 In this representation, a pair interaction is represented by Hopf links ( Figure A3 ):
With this representation we have in the main text introduced a whole new hierarchy of (possible) higher order interactions represented by new higher order links of rings. This has been extensively developed in the main text.
The interesting question is as follows:
What about other geometric (topological) representations, and what kind of new interactions do they suggest -of both first and higher order?
We may proceed as follows:
Particle 7 ! Space ðof some kind and e:g: embedded in a fixed ambient space AÞ
Pictorially this looks like as shown in ( Figure A4 ) In the sense of Baas (2006) , A is a bond of {T i }. This can be iterated and one may form higher order bonds, ending up with a hyperstructure, defined and described in Baas (2006) .
Let us be more specific and consider the situation where the representing spaces are manifolds embedded in a large ambient manifold or Euclidean space.
We may have interactions or bonds, for example, of the following types ( Figures A5  and A6) :
Connected (by intermediate manifolds)
Example. B ¼ R 3 (see Figures A7 and A8):
Weakly cobordant Figure A6 . In this paper, we have discussed a whole hierarchy of extensions. For higher dimensional manifolds there is a variety of ways to do this (spaces of embeddings).
One may manipulate or tune externally a system in such a way that it is represented by a desired (linked, . . . ) embedding of the M i 's in B.
Hence, it justifies calling B a bond, see Baas (2006) . Then one may -as already mentioned -iterate this process to higher order bonds which we have defined as hyperstructures. This gives higher order, hyperstructured interaction patterns of the particles.
This means that for many-body systems there is a whole new universe of new represented states.
The pertinent question is then: Which of these new types of states are realizable in real world systems (physical, chemical, biological, social, . . 
. )?
This discussion also shows that bonds of subspaces (like manifolds) and their associated hyperstructures may be a good laboratory for suggesting new states, designing and studying general many-body systems and their interactions. But the geometric interactions in the geometric universe should then be interpreted back into interactions in the real universe where the particles live. In cold gases, Borromean or Brunnian states of first order correspond to Efimov states as explained in the main text where we have studied and suggested connections between physical states and higher order links in the geometric universe of links. For more general types of many-body systems, see Baas (2013) . 
